The objective of this paper is to study some qualitative dynamic properties of a nonautonomous predator-prey model with stochastic perturbation and Crowley-Martin functional response. The existence of a global positive solution and stochastically ultimate boundedness are obtained. Sufficient conditions for extinction, persistence in the mean, and stochastic permanence of the system are established. We also derive conditions to guarantee the global attractiveness and stochastic persistence in probability of the model. Our theoretical results are confirmed by numerical simulations.
Introduction
Predator-prey systems play an important role in studying the dynamics of interacting species. During the last decades, lots of predator-prey models have been proposed and analyzed from various prospectives. When investigating biological phenomena, functional response is one of the most important factors that affect dynamical properties of biological and mathematical models [-]. Many researchers have paid their attention to predatorprey systems with prey-dependent functional response. However, the predator functional response occurs quite frequently in nature and laboratory, such as searching for food and sharing, or competing for, food [, ] . Therefore, we must not ignore the predator functional response to prey because of the effect of such a response on dynamical system properties, and many types of predator-dependent functions have been proposed and analyzed. The deterministic predator-prey model with Crowley-Martin functional response can be expressed as follows:
r(t) -k(t)x -ω(t)y  + a(t)x + b(t)y + a(t)b(t)xy , y = y -g(t) -h(t)y + f (t)x  + a(t)x + b(t)y + a(t)b(t)xy
,
where x(t) and y(t) represent the population densities of the prey and predator at time t, respectively. r(t) and g(t) are the growth rate of the prey and predator, respectively, k(t) and h(t) stand for the density-dependent coefficients of species x and y, ω(t) is the capturing rate of predator, and f (t) denotes the rate of conversion of nutrients into the production of predator at time t. The ratio
ω(t)x(t)y(t) +a(t)x(t)+b(t)y(t)+a(t)b(t)x(t)y(t)
is the functional response, where a(t) and b(t) describe the effects of handling time and the magnitude of interference among predators.
Meanwhile, population models in the real world are always affected by a lot of unpredictably environmental noises. To predict richer and more complex dynamics of the model, stochastic perturbations are introduced into the population models (see, e.g., [-] ). In common, there are four approaches including stochastic effects in the model [] , that is, through time Markov chain model [] , parameter perturbation [] , being proportional to the variables [] , and robusting the positive equilibria of deterministic models. Stochastic perturbation will bring effect on almost all parameters of the model in various different ways, and it is valuable to consider more than one approach to describe the random effects on the system. In this paper, we adopt a combination of the second and third approaches to include stochastic perturbations, that is, we assume that the stochastic perturbations are of white noise type and proportional to x(t), y(t), influenced respectively onẋ(t) andẏ(t) in system (); Moreover, the capturing and conversion rate coefficients ω(t) and f (t) are changed as ω(t) + σ  (t)Ḃ  (t), and f (t) + δ  (t)Ḃ  (t), respectively. Then, in accordance with system (), we propose the following stochastic predator-prey model:
where all the coefficients are positive, continuous, and differentiable bounded functions on R + = [, +∞), σ  i (t) and δ  i (t) (i = , ) denote the intensities of the white noises, B  (t), B  (t) are independent Brownian motions defined on a complete probability space ( , F, P) with a filtration {F t } t∈R + satisfying the usual conditions (i.e., it is right continuous and increasing with F  containing all P-null sets) [] . We denote R
To proceed, we present some useful definitions and notations:
This paper is arranged as follows. In Section , we show that there exists a unique positive solution of system () and prove its boundedness. In Section , we obtain sufficient conditions for extinction, persistence in the mean, and stochastic permanence. The global attractiveness and stochastic persistence in probability of system () are analyzed in Section . Finally, some numerical simulations to support our analytical findings are given in Section .
2 Existence, uniqueness, and stochastically ultimate boundedness
there is a unique solution (x(t), y(t)) on t ≥ , and the solution remains in R + with probability one.
The proof of Theorem  is standard, and we present it in the Appendix.
Theorem  The solutions of model () are stochastically ultimately bounded for any initial
Proof We need to show that for any ε ∈ (, ), there exists a positive constant δ = δ(ε) such that for any given initial value X  ∈ R +  , the solution X(t) to () has the property lim sup
Let V  (x) = x p and V  (y) = y p for (x, y) ∈ R +  and p > . Then, we obtain
For (), we consider the equation
with initial value z() = z  . Obviously, we can obtain that
Letting t → ∞, we have
Thus, by the comparison theorem we get
Similarly, we obtain
Thus, for a given constant ε > , there exists T >  such that 
Then, for all t ∈ R + , we have
Consequently,
where
. By virtue of the Chebyshev inequality, the proof is completed.
Persistence and extinction
In this part, we show the long-time dynamical properties of system (), including extinction, persistence in the mean, and stochastic permanence in Theorems -. Before giving the theorems, we introduce some assumptions and lemmas.
In [] , the author considered the stochastic differential equation
Suppose that all the parameters b i (t), a ij (t), and σ ij (t) ( ≤ i, j ≤ n) are bounded on t ∈ R + and there exist positive numbers c  , . . . , c n satisfying
where C = diag(c  , . . . , c n ) and λ Introducing an auxiliary matrix A = (ā ij ) n×n , whereā ij = sup t≥āij (t),  ≤ i, j ≤ n, the author also achieved a more useful conclusion to verify condition ():
If -A is a nonsingular M-matrix, then condition () holds. Thus, we obtain the following lemma.
Assumption (H)
k l h l > f u ω u .
Lemma  If Assumption (H) holds, then the solution X(t) = (x(t), y(t)) of system ()
with initial value (x  , y  ) ∈ R +  has the following properties:
and there is a positive constant K such that 
Here,
where C >  is a constant. Therefore, lim sup t→∞ E(V (x(t), y(t))) ≤ C, and () is proved.
Consider the ordinary differential equations
Then we have the following results on the persistence and extinction of the populations.
Theorem  In system (), for the prey population x, if Assumption (H) holds, then the following conclusions hold:
() If r  * < , then the prey species x ends in extinction with probability , where
then the prey species x is nonpersistent in the mean with probability .
)  * > , then the prey species x is weakly persistent in the mean with probability .
then the species population x is strongly persistent in the mean with probability .
The proof of Theorem  is presented in the Appendix.
Theorem  In system (), for the predator population y, if Assumption (H) holds, then the following conclusions hold:
then the predator species y is extinct with
then the predator species y is nonpersistent in the mean with probability .
> , then the predator species y is weakly persistent in the mean with probability , where (x(t),ȳ(t)) is the solution of () with initial value
then the species population y is strongly persistent in the mean with probability .
The proof of Theorem  is given in the Appendix.
Remark  From the proof of Theorem  we can observe that if r  * >  and k * -g - Remark  From Theorems  and  we derive that if r  * < , then both the prey and predator populations eventually end in extinction. Meanwhile, in this case, the functional rate has no influence on the extinction of the system.
Proof The proof is motivated by Li and Mao [] and Liu and Wang [] . The whole proof is divided into two parts. First, we prove that for arbitrary ε > , there exists a constant δ >  such that P * {|x(t)| ≥ δ} ≥  -ε. Above all, we claim that for any initial value
Here, θ is an arbitrary positive constant satisfying
By () there exists a constant p >  satisfying
, by Itô's formula we obtain
Choose a positive constant θ such that it obeys (). Then
Thus, we can choose p >  sufficiently small such that it satisfies (). Denote
Hence,
By () there exists a positive constant S such that LW (X) ≤ Se pt . Thus,
In other words,
Thus, for any ε > , letting δ = (
, by the Chebyshev inequality we obtain
Therefore,
In the following, we prove that for any ε > , there exists a constant χ >  such that
(t)y  + a(t)x + b(t)y + a(t)b(t)xy dB  (t) + qy q δ  (t) + δ  (t)x  + a(t)x + b(t)y + a(t)b(t)xy dB  (t).
Let k  be so large that X  lies within the interval [
where K  , K  are positive constants. Letting k → +∞, we have
In other words, we have shown that lim sup t→+∞ E[X q (t)] ≤ K  + K  . Thus, for any given
, by the Chebyshev inequality we get
that is,
Consequently, P * {|X(t)| ≤ χ} ≥  -ε. Theorem  is proved.
Global attractiveness of the system and stochastically persistent in probability
Definition  System () is globally attractive if
any two positive solutions (x  (t), y  (t)), (x  (t), y  (t)) of system ().

Theorem  Suppose that (x(t), y(t)) is a solution of system () on t ≥  with initial value
(x  , y  ) ∈ R  + . Then
almost every sample path of (x(t), y(t)) is uniformly continuous.
Proof From system () we have
x(s) r(s) -k(s)x(s) -ω(s)y(s)  + a(s)x(s) + b(s)y(s) + a(s)b(s)x(s)y(s) ds
+ t  x(s) σ  (s) + σ  (
s)y(s)  + a(s)x(s) + b(s)y(s) + a(s)b(s)x(s)y(s) dB  (s).
Set f  (s) = x(s) r(s) -k(s)x(s) -ω(s)y(s)  + a(s)x(s) + b(s)y(s) + a(s)b(s)x(s)y(s)
s)y(s)  + a(s)x(s) + b(s)y(s) + a(s)b(s)x(s)y(s)
r(t) -k(t)x -ω(t)y  + a(t)x + b(t)y + a(t)b(t)xy p = E |x| p r(t) -k(t)x -ω(t)y  + a(t)x + b(t)y + a(t)b(t)xy
In addition, in view of the moment inequality for stochastic integrals, we show that, for  ≤ t  ≤ t  and p > ,
Thus, for  < t  < t  < ∞, t  -t  ≤ , and
Here, F(p) = max{F  (p), F  (p)}. By Lemma  in [, ] we have that almost every sample path of x(t) is locally but uniformly Hölder-continuous with exponent υ for every υ ∈ (, p- p ), and therefore, almost every sample path of x(t) is uniformly continuous on t ∈ R + . Similarly, we can prove that almost every sample path of y(t) is also uniformly continuous on t ∈ R + .
Theorem  is proved.
Lemma  ([, ]) Let f be a nonnegative function defined on R + such that f is integrable and uniformly continuous. Then lim t→+∞ f (t) = .
Theorem  Suppose that σ  = , δ  = , and there exist constants μ i >  (i = , ) such that lim inf t→∞ A i (t) > , where
where (x  (t), y  (t)), (x  (t), y  (t)) are any two solutions of model () with initial values
Proof We construct a Lyapunov function as follows:
Then, we achieve
Since lim inf t→∞ A i (t) >  (i = , ), there exist constants α >  and T  >  such that
for all t ≥ T  . Integrating () from T  to t, we get
Then, by V (t) ≥  and () we have
According to Theorem  and Lemma , the model is globally attractive. On the other hand, by system () and inequality () we have
Therefore, E(x(t)) is a uniformly continuous function. Similarly, we can obtain that E(y(t)) is uniformly continuous. According to () and Barbalat's conclusion [], assertion () is achieved.
In the following, we discuss the stochastic persistence in probability of our model, which was proposed and discussed by Schreiber et 
where X(t) = (X  (t), . . . , X n (t)). If there exists a unique invariant probability measure V satisfying V (  ) =  and the distribution of X(t) converges to V as t → +∞ whenever
is stochastically persistent in probability.
Theorem  Suppose that σ  =  and δ  =  and let the conditions of Theorem
Proof The proof is motivated by [] . First, we prove that system () is asymptotically stable in distribution, that is, there exists a unique probability measure μ such that for every X() ∈ R  + , the transition probability p(t, X(), ·) of X(t) converges weakly to μ as t → +∞.
Let X(t; X  ) be a solution of () with initial value X  () = X  ∈ R  + , p(t, X  , dy) be the transition probability of X(t; X  ), and P(t, X  , B) denote the probability of event X(t; X  ) ∈ B. Applying inequality () and the Chebyshev inequality, {p(t, X  , dy) : t ≥ } is tight.
Denote all the probability measures on R  + by P(R  + ). Then, for any P  , P  ∈ P, we can define the metric
By () there exists a constant time T >  such that, for all t ≥ T,
Hence,
Ef x(t + s; X  ) -Ef x(t; X
Since f is arbitrary, we have T . In addition, by () we obtain
Then system () is asymptotically stable in distribution.
On the other hand, by Theorems  and  we get that
Therefore, model () is stochastically persistent in probability.
Numerical simulation
This section presents a numerical simulation to verify our theoretical analysis of system (). By means of the Milstein method mentioned in Higham [], we consider the following discretized equations:
In Figure  In Figure  , we let σ  (t) = .+. sin t, σ  (t) = . + . sin t, δ  (t) = .+. sin t, δ  (t) = . + . sin t, r(t) = . + . sin t, a(t) = . + . sin t, f (t) = . + . sin t, and (x  (), y  ()) = (., .). Thus, the conditions of Theorem  hold, and model () is stochastically permanent.
Moreover, we choose In the following example, we investigate the effects of functional response on the species. First, by comparing Figures (a)-(d) we observe that the effects of handling time a(t) and the magnitude of interference among predators b(t) do not influence the extinction of the system. Second, we fix f (t) = . + . sin t, and the other parameters are the same as in Figure  . Then we obtain that (k(t)) * -g(t) -.δ   (t) * + (f (t)) * r  (t) * < . On the basis of Theorem , the predator species goes to extinction, and it is confirmed by Figure (a) . We increase the intensity of conversion rate and choose f (t) = . + . sin t and f (t) = . + . sin t, respectively, for Figures (b) and (c). From Figures (a)-(c), we observe that the predator changes from extinction to persistence, which shows that increasing the amplitude of periodical conversion rate is benefit for the coexistence of ecosystems. 
Proof of Theorem  () From system () we have that d ln x = r(t) -k(t)x -ω(t)y  + a(t)x + b(t)y + a(t)b(t)xy -. σ  (t) + σ  (t)y  + a(t)x + b(t)y + a(t)b(t)xy
